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HYPERELLIPTIC COMPONENTS OF THE MODULI SPACES OF
QUADRATIC DIFFERENTIALS WITH PRESCRIBED SINGULARITIES
ERWAN LANNEAU
Abstrat. Moduli spaes of quadrati dierentials with presribed singularities are not neessarily
onneted. We desribe here all ases when they have a speial hyperellipti onneted omponent.
We announe the general lassiation theorem: up to the four exeptional ases in low di-
mensional stratum, any stratum of meromorphi quadrati dierentials is either onneted, or has
exatly two onneted omponents. In this last ase, one omponent is hyperellipti, the other not.
Contents
1. Introdution 1
2. Mappings of the Moduli Spaes Indued by Ramied Coverings of a Fixed Combinatorial
Type 3
3. Hyperellipti Components 7
4. Quadrati Dierentials Versa Flat Strutures 16
5. Announement of the Classiation Theorem 22
6. Aknowledgments 23
Referenes 23
1. Introdution
A meromorphi quadrati dierential ψ on a Riemann surfae M2g of genus g is loally dened
by ψ = f(z)(dz)2 where f(z) is a meromorphi funtion dened on a hart (U, z). If we have the
form ψ = g(w)(dw)2 where g(w) is a meromorphi funtion on V , the transition funtions on U ∩V
satises
f(z)
g(w)
=
(
dw
dz
)2
In this paper we onsider quadrati dierentials having only simple poles, if any. We denote by Qg
the moduli spaes of pairs (M2g , ψ), where M
2
g is a Riemann surfae and ψ a meromorphi quadrati
dierential on it. Note that we have divided by the mapping lass group Mod(g).
Let (k1, . . . , kn) be the orders of singularities of ψ, where ki > 0 orresponds to a zero z
ki(dz)2 of
order ki and kj = −1 orresponds to a simple pole
1
z
(dz)2 of a quadrati dierential. It is a lassial
result following of the GaussBonnet formula that
∑
ki = 4g − 4.
Loally, in a simply-onneted neighborhood of a nonsingular point, a quadrati dierential an
be presented as a square of an Abelian dierential, but globally it is not the ase in general. In this
paper we onsider only those quadrati dierentials whih are not globally the squares of Abelian
dierentials.
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Key words and phrases. Quadrati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The moduli spae Qg is naturally stratied by the types of the singularities. We denote by
Q(k1, . . . , kn) ⊆ Qg the stratum of quadrati dierentials [M
2
g , ψ] ∈ Qg whih are not the global
squares of Abelian dierentials, and whih have the singularity pattern (k1, . . . , kn), where ki takes
values in {−1, 0, 1, 2, . . . }. In some situations we onsider the strata of pairs [ψ,M2g ] where the
Riemann surfae is provided with some xed number of marked points, whih are nonsingular
points of the quadrati dierential ψ. By onvention we let ki = 0 when the point Pi is, atually,
just a marked point. Sometimes we shall all the marked points the fake zeros, and the zeros Pj
with kj > 0 the true zeros. We use the exponential notation k
m
for k, k, k, . . . , k repeated m times.
For example, Q(14, 8, 2, 32) stands for Q(1, 1, 1, 1, 8, 2, 3, 3).
We are interested in the desription of onneted omponents of the moduli spaes Q(k1, . . . , kn).
In this paper we desribe all onneted omponents of a speial type: the hyperellipti ones. A
omplete desription of all onneted omponents of the moduli spaes Q(k1, . . . , kn) an be found
in [La2℄. It will be the subjet of a forthoming paper.
Remark 1. In [KoZo℄ Kontsevih and Zorih lassied onneted omponents of the moduli spaes
of Abelian dierentials, whih implies the lassiation of the moduli spaes of those holomorphi
quadrati dierentials whih are globally the squares of Abelian dierentials.
Remark 2. In [Ma℄ and [Ve1℄, Masur and Veeh have independently proved that the Teihmüller
geodesi ow ats ergodially on eah onneted omponent of eah stratum of the moduli spae
of quadrati dierentials; the orresponding invariant measure being a nite Lebesque equivalent
measure.
Motivated by this result, the lassiation of onneted omponents of the strata oinide with
the lassiation of ergodi omponents of the Teihmüller geodesi ow.
The paper has the following struture. In setion 2 we present an overview of the basi properties
of quadrati dierentials. In setion 3 we onstrut the hyperellipti onneted omponents and
prove Theorem 1, that is our list is omplete. In setion 4 we present the well-known relation
between quadrati dierentials and measured foliations. Then we use measured foliations to prove
Theorem 2: strata with a hyperellipti omponent are not onneted exept some partiular ases
in low genera. We draw from our two main results the following
Corollary 1.
• The three following series of strata in Qg
F2 = { Q(4(g − k)− 6 ; 4k + 2) | 0 ≤ k ≤ g − 2}
F3 = { Q(4(g − k)− 6 ; 2k + 1 ; 2k + 1) | 0 ≤ k ≤ g − 1}
F4 = { Q((2(g − k)− 3 ; 2(g − k)− 3 ; 2k + 1 ; 2k + 1) | −1 ≤ k ≤ g − 2}
in genera g ≥ 3 are non-onneted. Eah above stratum possesses one omponent whih is
hyperellipti and at least one other whih is not.
• The following strata orresponding respetively to genus 1 and 2 are onneted and the whole
stratum oinides with its hyperellipti onneted omponent{
Q(−1,−1, 2)
Q(−1,−1, 1, 1)
and


Q(2, 2)
Q(1, 1, 2)
Q(1, 1, 1, 1)
In setion 5 we announe the general lassiation theorem: up to four exeptional ases in low
genera the strata of meromorphi quadrati dierentials are either onneted, or have exatly two
onneted omponents, and one of the two omponents is hyperellipti.
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2. Mappings of the Moduli Spaes Indued by Ramified Coverings of a Fixed
Combinatorial Type
In this setion we present some general information onerning the moduli spaes of quadrati
dierentials. All proofs and details an be found in papers [Ma℄, [Ve1℄, [MaSm℄, [Ve2℄, [Ko℄, [KoZo℄.
Theorem (Masur and Smillie). Consider a vetor (k1, . . . , kn) with all ki ∈ N∪{−1}. Suppose that∑
ki = 0 mod4 and
∑
ki ≥ −4. Then the orresponding stratum Q(k1, . . . , kn) is non-empty with
the following four exeptions
Q(∅),Q(1,−1) (in genus g = 1) and Q(4),Q(1, 3) (in genus g = 2)
Remark 3. It is lear that if a quadrati dierential has a singularity of odd order (−1 for a pole) then
it may not be a global square of an Abelian dierential. But if all zeros are of even orders ki (exept
(k1, . . . , kn) = (∅) or (4)) then the Theorem above says that there exist quadrati dierentials with
the singularity pattern (k1, . . . , kn) whih are not squares of Abelian dierentials. For example,
on eah omplex urve of genus g = 2, there exist quadrati dierentials with two zeros of order
two whih are not squares of Abelian dierentials (see also Figure 3), and there exist quadrati
dierentials with two zeros of order two whih are the global squares of Abelian dierentials.
Theorem (H. Masur; W. Veeh). Any stratum Q(k1, . . . , kn) is a omplex orbifold of dimension
dimCQ(k1, . . . , kn) = 2g + n− 2
Remark 4. The prinipal stratum, that is all singularities of the form are only simples zeroes, an
be identied with the otangent ber over the Teihmüller spae. So the dimension in this ase is
2 · dimCTg = 6g − 6
This orrespond to the above formula with n = 4g − 4. The general formula is obtained by
subtrating a dimension any time a zero is ollapsed to higher order.
Proposition (Kontsevih). Any stratum Q(k1, . . . , kn) with
∑
ki = −4 is onneted.
Proof. Sine there is only one omplex struture on CP
1
we an work in the standard atlas on
CP
1 = C ∪ (C∗ ∪ ∞). In this atlas, we an easily nd quadrati dierentials f(z)(dz)2 with any
presribed singularities at any presribed points (with the evident ondition presribed by degrees
of singularities,
∑
ki = −4) just by hoosing an appropriate rational funtion f(z). The spae of
ongurations of points on a sphere is onneted; this implies the statement of the Proposition. 
Constrution 1 (Canonial double overing). LetM2g be a Riemann surfae and let ψ be a quadrati
dierential on it whih is not a square of an Abelian dierential. There exists a anonial (ramied)
double overing π : M˜2g˜ →M
2
g suh that π
∗ψ = ω˜2, where ω˜ is an Abelian dierential on M˜2g˜ .
The set of ritial values of π on M2g oinide exatly with the set of singularities of odd degrees of
ψ. The overing π : M˜2g˜ →M
2
g is the minimal (ramied) overing suh that the quadrati dierential
π∗ψ beomes the square of an Abelian dierential on M˜2g˜ .
Proof. Consider an atlas (Ui, zi)i on M˙
2
g = M
2
g \{singularities of ψ} where we puntured all the
zeros and the poles of ψ. We assume that all the harts Ui are onneted and simply-onneted.
The quadrati dierential ψ an be represented in this atlas by a olletion of holomorphi funtions
fi(zi), where zi ∈ Ui, satisfying the relations:
fi (zi(zj)) ·
(
dzi
dzj
)2
= fj(zj) on Ui ∩ Uj
Sine we have puntured all singularities of ψ any funtion fi(zi) is nonzero at Ui. Consider two
opies U±i of every hart Ui: one opy for every of two branhes g
±
i (zi) of g
±(zi) :=
√
fi(zi) (of
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ourse, the assignment of + or − is not anonial). Now for every i identify the part of U+i
orresponding to Ui ∩ Uj with the part of one of U
±
j orresponding to Uj ∩ Ui in suh way that on
the overlap branhes would math
g+i (zi(zj)) ·
dzi
dzj
= g±j (zj) on U
+
i ∩ U
±
j
Apply the analogous identiation to every U−i . We get a Riemann surfae with puntures provided
with a holomorphi 1-form ω˜ on it, where ω˜ is presented by the olletion of holomorphi funtions
g±i in the loal harts. It is an easy exerise to hek that lling puntures we get a losed Riemann
surfae M˜2g˜ , and that ω˜ extends to an Abelian dierential on it. We get a anonial (possibly
ramied) double overing π : M˜2g˜ →M
2
g suh that π
∗ψ = ω˜2.
By onstrution the only points of the base M2g where the overing might be ramied are the
singularities of ψ. In a small neighborhood of a zero of even degree 2k of ψ we an hose oordinates
in whih ψ is presented as z2k(dz)2. In this hart we get two distint branhes ±zkdz of the square
root. Thus the zeros of even degrees of ψ and the marked points are the regular points of the
overing π. However, it easy to see that the overing π has a ramiation point over any zero of
odd degree and over any simple pole of ψ. 
Cohomologial oordinates. We use the onstrution above to desribe the loal ohomologial
oordinates on Q(k1, . . . , kn) proposed by Kontsevih.
Let [M,ψ] ∈ Q(k1, . . . , kn). Consider the anonial double overing π : M˜ → M desribed in
above Constrution 1 suh that the pull-bak π∗ψ = ω2 beomes the global square of an Abelian
dierential ω on M˜ . Let τ be the natural involution of M˜ interhanging the points in the bers of
π. Let P˜1, . . . , P˜r ∈ M˜ be the true zeros of ω. Sine by onstrution τ
∗ω = −ω, the set {P˜1, . . . , P˜r}
is sent to itself by the involution τ . Consider the indued involution
τ∗ : H1(M˜, {P˜1, . . . , P˜r};C)→ H
1(M˜, {P˜1, . . . , P˜r};C)
of the relative ohomology group. The vetor spae H1(M˜, {P˜1, . . . , P˜r};C) splits into diret sum
H1(M˜, {P˜1, . . . , P˜r};C) = V1 ⊕ V−1
of invariant and anti-invariant subspaes of the involution τ∗. We have already seen that [ω] ∈
V−1. A small neighborhood of [ω] in the anti-invariant subspae V−1 gives a loal oordinate
hart of a regular point [M,ψ] (not a xed point for a ellipti element of Mod(g)) in the stratum
Q(k1, . . . , kn). 
In what follows we onsider ramied overings π : M˜2g˜ → M
2
g of arbitrary degree d. We denote
the ramiation index of π at a point P˜ ∈ M˜2g˜ by epi(P˜ ). By onvention we have epi(P˜ ) = 1 at any
regular point P˜ of the overing π. The RiemannHurwitz formula gives the value of the genus g˜ of
the overing Riemann surfae M˜2g˜ .
RiemannHurwitz Formula. Let π : M˜2g˜ →M
2
g be an analyti map of degree d between ompat
Riemann surfaes. The genus g˜ of M˜2g˜ and the genus g of M
2
g are related by the formula
2g˜ − 2 = d · (2g − 2) +
∑
P˜∈M˜2
g˜
(epi(P˜ )− 1)
where epi(P˜ ) is the index of the ramiation of π at P˜ .
Having a ramied d-fold overing π : M˜2g˜ → M
2
g and a meromorphi quadrati dierential ψ
on M2g with a singularity pattern (k1, . . . , kn) we will need to ompute the singularity pattern
(k˜1, . . . , k˜m) of the indued quadrati dierential π
∗ψ on M˜2g˜ .
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Lemma 1. Let π : M˜2g˜ → M
2
g be a (ramied) overing, and let ψ be a meromorphi quadrati
dierential on M2g . A point P˜ ∈ M˜
2
g˜ is a singular point of the indued quadrati dierential π
∗ψ
either if its image P = π(P˜ ) is a singular point of ψ or if P˜ is a ramiation point of π. The degree
k˜ of π∗ψ at the point P˜ and the degree k of ψ at the point P = π(P˜ ) are related as
k˜ = epi(P˜ ) · (k + 2)− 2,
Proof. Let P ∈ M2g be a point of the base of the overing. Let the quadrati dierential have a
singularity of order k at P . Reall that k = −1 if P is a simple pole of ψ, and k = 0 if P is, atually,
a regular point. Let P˜ be in the preimage π−1(P ) of P . If P˜ is a regular point of the overing π
then π∗ψ has at P˜ a singularity of the same degree k as the singularity P of ψ.
Suppose that P˜ is a ramiation point of π of index epi(P˜ ) = b. We an hoose a loal oordinate
z in the neighborhood of the point P ∈ M2g in suh way that ψ = z
k(dz)2 in this oordinate. We
an now hose the loal oordinate w in a neighborhood of P˜ ∈ M˜2g˜ in suh way that the projetion
π has the form z = wb in this oordinate. Then we get the following representation of the indued
quadrati dierential π∗ψ in the neighborhood of the point P˜
π∗ψ = (z(w))k
(
d(z(w))
)2
∼ wb·k(wb−1dw)2 = wb·k+2b−2(dw)2
In partiular, if the order of the overing is 2 then a singularity of ψ gives either one singularity
of order 2k + 2 or two singularities of order k of π∗ψ. 
We use the following obvious Corollary of Lemma 1.
Corollary 2. Let π : M˜2g˜ → M
2
g be a ramied overing, and let ψ be a meromorphi quadrati
dierential on M2g . A preimage P˜ = π
−1(P ) of a singular point P of ψ is a regular point of π∗ψ
only in the following two ases
• the ramiation index epi(P˜ ) of the point P˜ is equal to 2, and ψ has a simple pole at P ;
• the ramiation index epi(P˜ ) of the point P˜ is equal to 1 and P is a fake zero of ψ.

To omplete this setion we present a onstrution of a natural mapping of the strata indued
by a ramied overing of the xed ombinatorial type. This mapping was introdued in [KoZo℄ to
onstrut the hyperellipti onneted omponents of the moduli spaes of Abelian dierentials. In
the next setion we shall use this mapping to onstrut the hyperellipti onneted omponents of
the moduli spaes of quadrati dierentials.
Let M2g be a Riemann surfae and let ψ0 be a quadrati dierential on it whih is not a square
of an Abelian dierential. Let (k1, . . . , kn) be its singularity pattern. We do not exlude the ase
when some of ki are equal to zero: by onvention this means that we have some marked points.
Let π : M˜2g˜ →M
2
g be a (ramied) overing suh that the image of any ramiation point of π is
a marked point, or a zero, or a pole of the quadrati dierential ψ0. Fix the ombinatorial type of
the overing π: the degree of the overing, the number of ritial bers and the ramiation index
of the points in every ritial ber. Consider the indued quadrati dierential π∗ψ0 on M˜
2
g˜ ; let
(k˜1, . . . , k˜m) be its singularity pattern.
Constrution 2 (Ramied overing onstrution). Deforming slightly the initial point [M2g , ψ0] ∈
Q(k1, . . . , kn) we an onsider a ramied overing over the deformed Riemann surfae of the same
ombinatorial type as the overing π. This new overing has exatly the same relation between the
position and types of the ramiation points and the degrees and position of the singularities of the
deformed quadrati dierential. This means that the indued quadrati dierential π∗ψ has the same
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singularity pattern (k˜1, . . . , k˜m) as π
∗ψ0. Thus we get a loal mapping
Q(k1, . . . , kn)→ Q(k˜1, . . . , k˜m)
[M2g , ψ] 7→ (M˜
2
g , π
∗ψ)
Note that in general the orresponding global mapping is multi-valued. For example, if there is a
pair of singularities of ψ of the same order k suh that the rst one is the image of a ramiation
point of the overing and the other one is not, then the orresponding map is multi-valued.
Note also that for ramied overings of some speial types the image of the mapping belongs to
a stratum of squares of Abelian dierentials. This is the ase, for example, for the anonial double
overing desribed in Constrution 1.
Forgetful Map. Consider a stratum of meromorphi quadrati dierentials with m marked
points
Q(k1, . . . , kn, kn+1, . . . , kn+m)
where ki 6= 0 for i = 1, . . . , n and ki+n = 0 for i = 1, . . . ,m. We have the following forgetful map
Q(k1, . . . , kn, kn+1, . . . , kn+m)→ Q(k1, . . . , kn)
Remark 5. We are interested by the topology of the strata, that is the lassiation of onneted
omponents of strata Q(k1, . . . , kn) with all ki 6= 0. One an prove that the topology of strata with
marked points and the topology of strata without marked point oinide. Nevertheless we use strata
with marked point, that is some ki is equal to zero, for the above onstrution.
We use Constrution 2 to obtain onneted omponents of the strata with no marked points.
Thus we use, atually, the omposition of the mapping dened above with the forgetful map.
Convention. By onvention we onsider only those overings π : M˜ → M , that have at least one
ramiation point in the ber over any marked point of ψ on the underlying surfae.
 We shall all the images of ramiation points the ritial values of π. Our onvention means
that the marked points of ψ form a subset of the ritial values of π.
We omplete this setion with the following statement.
Lemma 2. With the above onvention the mapping
Q(k1, . . . , kn)→ Q(k˜1, . . . , k˜m)
is loally an embedding.
Proof of Lemma 2. We need to prove that the mapping onstruted above is loally injetive near a
regular point [M,ψ] in Q(k1, . . . , kn). We use the ohomologial oordinates (see above) in the neigh-
borhood of [M,ψ] ∈ Q(k1, . . . , kn) and in the neighborhood of its image [M˜, ψ˜] ∈ Q(k˜1, . . . , k˜m),
where ψ˜ = π∗ψ. These oordinates linearize the mapping, and the proof beomes an exerise in
algebrai topology.
Take the two anonial double overings (see Constrution 1)
p : N →M and p˜ : N˜ → M˜
suh that the pull-bak p∗ψ = ω2 of the quadrati dierential ψ from M to N beomes the global
square of an Abelian dierential ω on N , and the pull-bak p˜∗ψ˜ = ω˜2 of the quadrati dierential
ψ˜ from M˜ to N˜ beomes the global square of an Abelian dierential ω˜ on N˜ . If the quadrati
dierential ψ˜ is already the global square of an Abelian dierential on M˜ , the double overing
p˜ : N˜ → M˜ is not onneted: it is omposed of two opies of M˜ , and the orresponding Abelian
dierential on N˜ orresponds to two branhes ± ω˜ of the globally dened square root of ψ˜.
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It follows from the denition of the anonial double overing, that the diagram
N˜
p˜
// M˜
pi

N
p
// M
an be ompleted to a ommutative diagram
N˜
p˜i

p˜
// M˜
pi

N
p
// M
Moreover, the indued (ramied) overing π˜ : N˜ → N an be hosen in suh way that ω˜ = π˜∗ω. In
partiular, it intertwines the natural involutions τ˜ : N˜ → N˜ and τ : N → N , that is π˜ ◦ τ˜ = τ ◦ π˜.
Denote by Q1, . . . , Qr the zeroes of ω on N . The set {Q1, . . . , Qr} is obtained as an inverse image
p−1 of the set of true zeros, the marked points and the poles of ψ.
Note that we do not mark any points at M˜ (we are interested by lassiation of strata without
marked point, that is without fake singularities). Then the Convention draw aside the trivial ases
when the map is degenerated.
Denote by Q˜1, . . . , Q˜l the zeros of ω˜ on N˜ . Sine ω˜ = π˜
∗ω, we see that any zero Q˜i of ω˜ loated
at a regular point of the overing π˜ is projeted by π˜ to a zero of ω. It follows from Convention
that the image of a zero Q˜j of ω˜ loated at a ramiation point of the overing π˜ is also projeted
by π˜ to a zero or to a marked point of ω. Thus
π˜({Q˜1, . . . , Q˜l}) ⊂ {Q1, . . . , Qr}
Hene the overing map π˜ indues a mapping
(1) π˜∗ : H1(N, {Q1, . . . , Qr},C)→ H
1(N˜ , {Q˜1, . . . , Q˜l},C)
Sine this mapping intertwines the natural involutions π˜∗ ◦ τ˜∗ = τ∗ ◦ π˜∗, the subset V−1 ⊂
H1(N, {Q1, . . . , Qr},C) anti-invariant under the involution τ
∗
is mapped into the subset V˜−1 ⊂
H1(N˜ , {Q˜1, . . . , Q˜l},C) anti-invariant under the involution τ˜
∗
. The indued map π˜∗ : V−1 → V˜−1
restrited to an appropriate neighborhoods of [M,ψ] ∈ V−1 and [M˜, ψ˜] ∈ V˜−1 oinides with the
mapping Q(k1, . . . , kn)→ Q˜(k˜1, . . . , k˜m) written down in the ohomologial oordinates.
It is obvious that the map of the absolute ohomology groups
π˜∗ : H1(N ;C)→ H1(N˜ ;C)
indued by the overing π : N˜ → N is a monomorphism. It is not diult to see that, with our
onvention on the overing π, the restrition of the mapping π˜∗ : V−1 → V˜−1 to the anti-invariant
subspae of τ∗ is also a monomorphism, whih ompletes the proof of Lemma 2. Note that in
general, the mapping π˜∗ dened on the relative ohomology group is not a monomorphism. 
3. Hyperellipti Components
3.1. The Teihmüller Geodesi Flow. The group GL(2,R)+ ats naturally on the moduli spae
of quadrati dierentials; this ation preserves the natural stratiation of the moduli spae.
The ation of the diagonal subgroup of SL(2,R) on the moduli spae of quadrati dierentials
an be naturally identied with the Teihmüller geodesi ow on the moduli spae of urves for the
Teihmüller metri.
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Many important results in the theory of interval exhange maps, of measured foliations and of
dynamis on translation surfaes are based on the following fundamental Theorem, proved indepen-
dently by H.Masur [Ma℄ and by W.Veeh [Ve1℄:
Theorem (H. Masur; W. Veeh). The Teihmüller geodesi ow ats ergodially on every on-
neted omponent of every (normalized) stratum of the moduli spae of quadrati dierentials; the
orresponding invariant measure is a nite Lebesque equivalent measure.
Proposition 1. The ation of GL(2,R)+ on the strata ommutes with the mapping of Constru-
tion 2.
Proof. In the proof of Lemma 2, we use some oordinates to linearize the mapping. It is easy to see
that in these harts, the linear ation ommute with the mapping. 
3.2. Hyperellipti Components. Let us apply the Constrution 2 in the following partiular ase.
Consider a meromorphi quadrati dierential ψ on CP1 having the singularity pattern (2(g− k)−
3, 2k + 1,−12g+2), where k ≥ −1, g ≥ 1 and g − k ≥ 2. Consider a ramied double overing π over
CP
1
having ramiation points over 2g+2 poles of ψ, and no other ramiation points. We obtain a
hyperellipti Riemann surfae M˜ of genus g with a quadrati dierential π∗ψ on it. By Lemma 1 the
indued quadrati dierential π∗ψ has the singularity pattern (2(g−k)−3, 2(g−k)−3, 2k+1, 2k+1).
Constrution 2 gives us a loal mapping
Q(2(g − k)− 3, 2k + 1,−12g+2)→ Q(2(g − k)− 3, 2(g − k)− 3, 2k + 1, 2k + 1),
where k ≥ −1, g ≥ 1 and g − k ≥ 2. Computing the dimensions of the strata we get
dimCQ(2(g − k)− 3, 2k + 1,−1
2g+2) = 2 · 0 + (2g + 4)− 2 = 2g + 2
dimCQ(2(g − k)− 3, 2(g − k)− 3, 2k + 1, 2k + 1) = 2g + 4− 2 = 2g + 2
Thus the dimensions of the strata oinide. By Lemma 2 the mapping is non-degenerate.
When 2k + 1 6= −1 the mapping
Q(2(g − k)− 3, 2k + 1,−12g+2)→ Q(2(g − k)− 3, 2(g − k)− 3, 2k + 1, 2k + 1)
is globally dened. Sine the stratum Q(2(g − k) − 3, 2k + 1,−12g+2) is onneted, as any other
stratum on CP
1
by Proposition in setion 2, see above, the image of the mapping in the stratum
Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1) is also onneted. When 2k + 1 = −1 the mapping
has 2g + 3 branhes orresponding to the hoie of the simple pole of ψ where we do not have a
ramiation of the overing. However, sine we an deform the positions of the zero and the poles of
ψ on CP1 arbitrarily (avoiding ollapses, of ourse), the intersetion of the image is non empty, so
the union of the images of the mapping Q(2g−1,−12g+3)→ Q(2g−1, 2g−1,−1,−1) is onneted.
Sine the dimension of the strata oinide, and the mapping is non-degenerate, we obtain an open
set on the stratum Q(2(g − k)− 3, 2(g − k)− 3, 2k + 1, 2k +1). By Proposition 1, the ation of the
geodesi ow is relevant, thus by ergodiity of this ow, the image of the mapping
Q(2(g − k)− 3, 2k + 1,−12g+2)→ Q(2(g − k)− 3, 2(g − k)− 3, 2k + 1, 2k + 1)
gives us a full measure set in the orresponding onneted omponent of the stratum
Q(2(g − k)− 3, 2(g − k)− 3, 2k + 1, 2k + 1).
Thus we obtain a onneted omponent of these stratum.
Similarly to the previous ase we an easily hek oinidene of the dimensions of the strata
Q(2(g − k)− 3, 2k,−12g+1)→ Q(2(g − k)− 3, 2(g − k)− 3, 4k + 2),
with k ≥ 0, g ≥ 1 and g − k ≥ 1 and
Q(2g − 2k − 4, 2k,−12g)→ Q(4(g − k)− 6, 4k + 2)
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with k ≥ 0, g ≥ 2 and g − k ≥ 2.
The images of these mappings give us onneted omponents in the strata
Q(2(g − k)− 3, 2(g − k)− 3, 4k + 2).
and
Q(4(g − k)− 6, 4k + 2).
Denition 1. The onneted omponents onstruted above are alled the hyperellipti omponents
and are denoted by:
(1) Q(2(g − k)− 3, 2k + 1,−12g+2)→ Qhyp(2(g − k)− 3, 2(g − k)− 3, 2k + 1, 2k + 1),
where k ≥ −1, g ≥ 1, g−k ≥ 2. The orresponding double overing has ramiation points
over 2g + 2 poles of meromorphi quadrati dierential on CP1.
(2) Q(2(g − k)− 3, 2k,−12g+1)→ Qhyp(2(g − k)− 3, 2(g − k)− 3, 4k + 2),
where k ≥ 0, g ≥ 1 and g − k ≥ 1. The orresponding double overing has ramiation
points over 2g+1 poles and over the zero of degree 2k of meromorphi quadrati dierential
on CP
1
.
(3) Q(2g − 2k − 4, 2k,−12g)→ Qhyp(4(g − k)− 6, 4k + 2),
where k ≥ 0, g ≥ 2 and g − k ≥ 2. The orresponding double overing has ramiation
points over all singularities of the quadrati dierential on CP
1
.
Remark 6. The onneted omponent Qhyp(2(g−k)−3, 2(g−k)−3, 2k+1, 2k+1) was rst notied
by M. Kontsevih.
Remark 7. For the mapping
Q(2g − 2k − 4, 2k,−12g)→ Q(4(g − k)− 6, 4k + 2)
one an see that the resulting quadrati dierential is not the global square of an Abelian dier-
ential in the following way. Take a path γ on CP1 around the zero of order 2k and a pole of the
orresponding quadrati dierential. The monodromy of the overing along this path is trivial so
it an be lifted on a path γ˜ in M . The holonomy of the at struture along the path γ˜ is non
trivial, we an ompute how the tangent vetor to the orresponding path γ˜ on M turns in the at
struture dened by ψ (see Figure 1). The ounterlokwise diretion is hosen as a diretion of the
positive turn.
PSfrag replaements
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Figure 1. A path γ˜ on the overing surfae obtained by lifting of the path γ.
Sine P˜1, P˜2 ∈ M˜ are ramiation points, the segments A1A2 and A6A5 are loated
at the dierent sheets of the overing M˜ →M , and not nearby.
We get some angle φ following the part A1A2 of the path whih goes from one singularity to
another. Then we make a turn by −π/2 going along A2A3. Turning around the singularity (the
path A3A4) we get the angle (k2+2)π, whih is followed by another turn by −π/2 now along A4A5.
The path A5A6 gives the turn by −φ, whih is followed by another −π/2 along A6A7. Turning
around singularity along A7A8 we get the angle (k1 + 2)π, and the loop is ompeted by the path
A8A1 giving one more turn by −π/2. All together this gives (k1 + k2 + 2) · π.
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In our speial ase, the resulting angle for the orresponding quadrati dierential is (2k+1) · π,
thus the orresponding measured foliation is not oriented and onsequently, the quadrati dierential
ψ on M is not the global square of an Abelian dierential. The image of appliation above belong
in strata Q(4(g − k)− 6, 4k + 2) and the appliation above is well dened.
Remark 8. In the eah of the following ases
Q(−1,−1,−1,−1, 0, 0) → Q(2, 2)
Q(−1,−1,−1,−1, 0) → Q(−1,−1, 2)(2)
Q(−1,−1,−1,−1) → Q(−1,−1,−1,−1)
the image stratum also has the same dimension as the original one. All the orresponding ramied
overings have even degree 2d ≥ 2.
In the rst ase the overing has d ramiation points of degree 2 over eah of four simple poles
of the meromorphi quadrati dierential on CP
1
; a single ramiation point of degree 2 over eah
of two marked points, and no other ramiation points.
In the seond ase the overing has d − 1 ramiation points of degree 2 over one of the poles;
d ramiation points of degree 2 over eah of the remaining three simple poles of the meromorphi
quadrati dierential on CP
1
; a single ramiation point of degree 2 over the marked point, and no
other ramiation points.
In the third ase the overing has d− 1 ramiation points of degree 2 over eah of two poles; d
ramiation points of degree 2 over eah of remaining two simple poles of the meromorphi quadrati
dierential on CP
1
, and no other ramiation points.
The strata Q(−1,−1, 2) and Q(2, 2) are in the list of hyperellipti omponents in the denition
above; the orresponding surfaes of genus 1 and 2 are respetively ellipti and hyperellipti. We
show in setion 4, Lemma 7 that theses strata are onneted, whih implies that the orresponding
mappings have no interest for our purposes. The stratum Q(−1,−1,−1,−1) orresponds to quad-
rati dierentials on CP
1
so it is onneted by Proposition of Kontsevih. Thus the third mapping
is of no interest for us neither.
The Theorem below asserts that there are no other onneted omponents whih an be obtained
using a similar onstrution.
Theorem 1. Let Q(k1, . . . , kn) be a stratum in the moduli spae of meromorphi quadrati dier-
entials and let π : M˜ →M be a overing of nite degree d > 1. Consider the mapping
Q(k1, . . . , kn)→ Q(k˜1, . . . , k˜m)
indued by the overing π (see Constrution 2). Suppose that the image stratum is not a stratum
of squares of Abelian dierentials, and suppose that the mapping is neither of one of the three types
orresponding to hyperellipti omponents nor of one of the three exeptional types (2). Then
dimCQ(k1, . . . , kn) < dimCQ(k˜1, . . . , k˜m)
Proof. We introdue the integer parameters d, n,m, p, r responsible for the topologial type of the
pair: (overing π, quadrati dierential ψ). Let d denote the degree of the overing, n the number
of true zeros whih are ritial values, m the number of marked points, p the number of simple
poles, r the number of singularities of ψ whih are regular values for the overing π. See below for
an expliit example and details.
In the rst part of the proof we derive from the relation dimQ = dim Q˜ elementary inequality (9)
for the positive integers d, n,m, p, r. The inequality has not so many solutions. In Lemma 3 we
show that solutions with d ≥ 3, where d stands for the number of branhes of the overing π, do
not orrespond to any nontrivial mappings Q → Q˜. In Lemma 4 we show that the only two-fold
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overings π whih give rise to the solution of the equation dimQ = dim Q˜ are exatly those whih
orrespond to hyperellipti omponents.
PSfrag repla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π
π
M
M˜
P1,...,Pn︸ ︷︷ ︸
True zeros
Pn+1,...,Pn+m︸ ︷︷ ︸
Marked points
Pn+m+1,...,Pn+m+p︸ ︷︷ ︸
Simple Poles
Pn+m+p+1,...,Pn+m+p+r︸ ︷︷ ︸
Non ritial values of the overing pi
Figure 2. This example presents a overing of degree 5 with 21 ramiation points.
There are 9 ritial values of π. Here we have n = m = p = r = 3. The points
P˜ ∈ π−1(Pi) whih orrespond to regular points of π
∗ψ are painted in blak. By
onvention we do not mark them.
Let us rst introdue some notations. By (M,ψ) we denote the initial Riemann surfae and a
quadrati dierential on it. We onsider a ramied overing π : M˜ → M of degree d. We denote
by P1, . . . , Pn ∈ M be the ritial values orresponding to the true zeros of ψ, i.e. to the zeros
of degrees ki > 0. Let Pn+1, . . . , Pn+m ∈ M be the ritial values orresponding to the marked
points (or, in the other words, to the fake zeros of ψ). Let Pn+m+1, . . . , Pn+m+p ∈M be the ritial
values orresponding to the simple poles of ψ. Let Pn+m+p+1, . . . , Pn+m+p+r ∈M be the remaining
true zeros and simple poles of ψ whih orrespond to non-ritial values of π. (See an example at
Figure 2).
We onsider only those ramied overings π for whih the indued quadrati dierential ψ˜ = π∗ψ
on M˜ is not globally a square of a holomorphi 1-form. We do not exlude from onsideration the
situation when the overing π is atually a regular overing.
Let us disuss now the loation of singularities of the quadrati dierential ψ˜ = π∗ψ on M˜ . By
onvention we do not endow ψ˜ with any fake zeros: all singularities of ψ˜ are either true zeros, or
simple poles.
The omputation of Lemma 1 shows that ψ˜ may have a singularity at a point P˜ ∈ M˜ either when
ψ has a singularity at π(P˜ ) or when P˜ is a ramiation point of π. Thus all zeros and poles of ψ˜
are loated at the preimage of the points P1, . . . , Pn+m+p+r. Let us speify them preisely. (See
also Figure 2 where singularities are denoted by white bullets.)
At any preimage of any of the zeros P1, . . . , Pn of ψ we have a true zero of ψ˜, see Lemma 1.
We have a zero of ψ˜ at a preimage P˜ ∈ π−1(Pi) of a marked point Pi, n + 1 ≤ i ≤ n +m, if and
only if P˜ is a ramiation point of the overing π, epi(P˜ ) 6= 1. We have a pole or a true zero of
ψ˜ at a preimage P˜ ∈ π−1(Pi) of a simple pole Pi, n +m + 1 ≤ i ≤ n +m + p, if and only if the
ramiation index epi(P˜ ) of the overing π at P˜ is dierent from two, epi(P˜ ) 6= 2. At any preimage
of any singularity Pn+m+p+1, . . . , Pn+m+p+r of ψ we have a simple pole or a true zero of ψ˜. (See
also an example presented at Figure 2.)
Now everything is ready for the omputation of dimensions of the strata of meromorphi quadrati
dierentials Q and Q˜ orresponding to ψ and ψ˜.
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Let g be the genus of the Riemann surfae M . We have
(3) dimQ = 2g + n+m+ p+ r − 2
Denoting by g˜ be the genus of the Riemann surfae M˜ we get
dim Q˜ = 2g˜ + number of singularities of ψ˜ − 2 =
= 2g˜ +
n∑
i=1
number of preimage P˜ of π−1(Pi) +
+
n+m∑
i=n+1
number of preimage P˜ of π−1(Pi) of index epi(P˜ ) 6= 1 +
+
n+m+p∑
i=n+m+1
number of preimage P˜ of π−1(Pi) of index epi(P˜ ) 6= 2 +
+
n+m+p+r∑
i=n+m+p+1
number of preimage P˜ of π−1(Pi) − 2 =
= (2g˜ − 2) + d · r +
n+m+p∑
i=1
number of preimage P˜ in π−1(Pi) −(4)
−
n+m∑
i=n+1
number of preimage P˜ in π−1(Pi) of ramiation index one −
−
n+m+p∑
i=n+m+1
number of preimage P˜ in π−1(Pi) of ramiation index two
Computing the genus g˜ of the Riemann surfae M˜ by RiemannHurwitz formula
2g˜ − 2 = d · (2g − 2) +
∑
ramiation points P˜ of pi
(epi(P )− 1) =
= d · (2g − 2) +
∑
ritial values Pi of pi
(d− number of preimage)
= d · (2g − 2) + d · (n+m+ p)−
n+m+p∑
i=1
number of preimage P˜ in π−1(Pi)
and substituting 2g˜ − 2 in the formula (4) by the latter expression we get the following answer:
dim Q˜ = d · (2g + n+m+ p+ r − 2)−(5)
−
n+m∑
i=n+1
number of preimage P˜ in π−1(Pi) of ramiation index one −
−
n+m+p∑
i=n+m+1
number of preimage P˜ ∈ π−1(Pi) of ramiation index two
Comparing the dimensions dimQ and dim Q˜ given by equations (3) and (5) we see that the equation
dimQ = dim Q˜
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is equivalent to the following one
(6) (d− 1) · (2g + n+m+ p+ r − 2) =
=
n+m∑
i=n+1
number of preimage P˜ in π−1(Pi) of ramiation index one +
+
n+m+p∑
i=n+m+1
number of preimage P˜ ∈ π−1(Pi) of ramiation index two
By onvention Pn+1, . . . , Pn+m ∈ M are ritial values of the d-fold overing π. Hene, among
preimage of any P˜ in π−1(Pi), n+ 1 ≤ i ≤ n +m there is at least one preimage with ramiation
index dierent from one. This implies that the number of preimage P˜ in π−1(Pi) of ramiation
index one is at most d− 2.
The overing π : M˜ → M is of order d. Hene, for any point Pi ∈ M the number of preimage
P˜ ∈ π−1(Pi) of ramiation index two has the following obvious upper bound
(7) number of preimage P˜ in π−1(Pi) of ramiation index two
≤
{
d/2 when d is even
(d− 1)/2 when d is odd
Using these two obvious bounds we derive the following inequality from equation (6)
(8) (d − 1) · (2g + n + m + p + r − 2) ≤
{
m · (d− 2) + p · d/2 when d is even
m · (d− 2) + p · (d− 1)/2 when d is odd
and its weakened version
(9) (d− 1) · (2g − 2 + n+ r) ≤ p · (1− d/2) −m
In what follows we onsider the nonnegative integer solutions of inequalities (8) and (9). There
are not so many of them sine for most types of the overing π the dimension dim Q˜ is greater than
dimQ and the parameters d, n,m, p, r do not obey neither equation (6) nor even inequalities (8)
and (9). In Lemma 3 we show that the solutions of inequalities with d ≥ 3 do not orrespond to
any atual ramied overings π. In Lemma 4 we study solutions of inequalities orresponding to
d = 2, and show that the two-fold overings π giving solutions of equation (6) are exatly those
whih orresponding to hyperellipti omponents.
Lemma 3. If d ≥ 3 then dimQ < dim Q˜.
Proof of Lemma 3. Suppose that dimensions of Q and Q˜ oinide. We an apply the inequalities
above.
First of all, we are going to show that genus g of the underlying surfae M must be equal to 0.
Suppose that g ≥ 1, so inequality (9) gives (d − 1)(n + r) ≤ −p/2 −m. If p > 0 or m > 0 then
n + r must be negative, whih is impossible. If p = 0 and m = 0 then n = r = p = m = 0 and we
obtain the stratum Q(∅) whih is empty. Thus the assumption g ≥ 1 leads to a ontradition and
we must have g = 0 whih means that M ≃ CP1.
Now suppose that m > 0. Sine the right-hand side of inequality (9) is stritly negative, and
d− 1 > 0, the expression (2g − 2 + n+ r) should be stritly negative. Sine g = 0 this implies that
n+ r ≤ 1
Now suppose that m = 0. Using inequality (9), we get
(d− 1) · (n+ r − 2) ≤ p · (1− d/2) ≤ −p/2
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If p = 0 then n+ r ≤ 2 so r + p ≤ 2 whih is impossible sine a meromorphi quadrati dierential
on CP
1
has at least four poles. Thus p > 0 and we again get n+ r ≤ 1.
The above remarks show that we an restrit our onsiderations to the following three (overlap-
ping) ases: {
n+ r = 0
m = 0
{
n+ r = 1
m ≥ 0
{
n+ r = 0
m > 0
To nish the proof of Lemma 3 we are going to show that all possible mappings with d ≥ 3
satisfying (6) are listed in (2). We shall use the following obvious remark whih is valid for any
ramied overing π : M˜ →M of degree d and any point P ∈M :
(10)
∑
P˜∈pi−1(P )
epi(P˜ ) = d
The ase n + r = 0 and m = 0. Sine n = r = m = 0 and genus g = 0, we get a meromorphi
quadrati dierential with four simple poles P1, . . . , P4 on CP
1
, p = 4. Let ti be the number of
points in the ber π−1(Pi) (i = 1, . . . , 4) of ramiation index two.
Taking the sum of expressions (10) over Pi, i = 1, . . . , 4, we get
4d =
4∑
i=1
∑
P˜∈pi−1(Pi)
epi(P˜ ) =
4∑
i=1
( ∑
P˜∈pi−1(Pi)
epi(P˜ )6=2
epi(P˜ ) +
∑
P˜∈pi−1(Pi)
epi(P˜ )=2
epi(P˜ )
)
=
=
4∑
i=1
∑
P˜∈pi−1(Pi)
epi(P˜ )6=2
epi(P˜ ) + 2
4∑
i=1
ti
On the other hand equation (6) gives
(d− 1) · (4− 2) =
4∑
i=1
ti
Note that, asm = 0, the term orresponding to ramiation index 1 in equation (6) does not appear.
Thus we obtain
4∑
i=1
∑
P˜∈pi−1(Pi)
epi(P˜ )6=2
epi(P˜ ) = 4
This means that either there are two ramiation points P˜1, P˜2 of ramiation index dierent from 2,
and then epi(P˜1) = 1, epi(P˜2) = 3, or there are four ramiation points P˜i, i = 1, . . . , 4 of ramiation
index dierent from 2, and then epi(P˜i) = 1.
The rst solution suggests the map of the moduli spaes
Q(−1,−1,−1,−1) −→ Q(−1, 1).
But the stratum Q(−1, 1) is empty (see above). The seond solution orresponds to the map
Q(−1,−1,−1,−1) −→ Q(−1,−1,−1,−1) whih is one of the maps (2), and hene has no interest
for us.
The ase n + r = 1 and m ≥ 0. In this ase either n = 1 or r = 1; denote by k the order of
orresponding singularity of ψ. The singularity is a true zero if k > 0 or a pole if k = −1; by
onvention on notations n, r it annot be a marked point. With this notation p = 4+ k. We derive
from (9) the following inequality: −(d− 1) ≤ (4 + k) · (1− d/2)−m whih gives d ≤ 3− k/2−m.
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If m ≥ 1, as d ≥ 3, we obtain k ≤ −2 whih is forbidden sine we onsider only simple poles. Thus
we must have m = 0 and so k = −1. This implies that n = 0 and r = 1.
By inserting in inequality (9) we obtain d = 3 or 4. The stronger inequality (8) eliminates the
solution d = 3, so nally we get the solution d = 4, where the values of the other parameters are as
follows: g = n = m = 0; r = 1, and the orresponding point is a simple pole; there are three more
simple poles, so r = 3.
However, this solution gives the map Q(−1,−1,−1,−1) → Q(−1,−1,−1,−1) of the moduli
spaes from the exeptional list (2), and hene has no interest for us.
The ase n+r = 0 and m > 0. Sine n = r = 0 and genus g = 0, we get a meromorphi quadrati
dierential with p = 4 simple poles on CP1 and with m > 0 marked points. Using inequality (8)
we derive that if d is odd, we have m = 0 whih is a ontradition. So d must be even and again by
using this inequality with d even, we dedued that 1 ≤ m ≤ 2.
If m = 1, then we have a single marked point P0 ∈ M . We derive the following relation from
equation (6):
(d− 1) · (1 + 4− 2) =
=
∑
poles Pi
number of preimage P˜ in π−1(Pi) of ramiation index two +
+ number of preimage P˜ ∈ π−1(P0) of ramiation index one
Let t be the number of preimage P˜ ∈ π−1(P0) of ramiation index one over the marked point P0.
By Convention, at least one preimage of a marked point has ramiation index greater then one,
thus (10) implies t ≤ d − 2. Taking into onsideration (7) we obtain from the equality above the
following inequality
3 · (d− 1) ≤ 2 · d+ t
and hene we have
d− 3 ≤ t ≤ d− 2
It is not diult to see that if t = d− 3 we obtain the following map
Q(−1,−1,−1,−1, 0) → Q(4)
but Q(4) is empty.
If t = d− 2 the equality above implies that∑
Pi poles
number of preimages P˜ in π−1(Pi) of ramiation index two = 2 · d− 1
and taking in onsideration (10) we get
4∑
i=1
∑
P˜∈pi−1(Pi)
epi(P˜ )6=2
epi(P˜ ) = 2
where P1, . . . , P4 are the simple poles. It is not diult to see that in this ase we obtain the map
Q(−1,−1,−1,−1, 0) → Q(−1,−1, 2)
whih belongs to the list (2) and hene does not interest us.
By similar arguments we onlude that if m = 2 we get the map
Q(−1,−1,−1,−1, 0, 0) → Q(2, 2)
whih belongs to the list (2) and hene does not interest us.
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Lemma 3 is proved. 
It remains to onsider the two-fold overings in order to omplete the proof of Theorem 1.
Lemma 4. If d = 2 then the strata obey the relation
dimQ = dim Q˜
only in the ases listed in Theorem 1 and in exeptional list (2).
Proof of Lemma 4. We suppose that the dimensions oinide. As the degree of the overing is two,
there are no ramiation points in M˜ of index one over marked points Pn+1, . . . , Pn+m on M , and
there is exatly one point over eah pole Pn+m+1, . . . , Pn+m+r in the set of ritial values of π. Thus
the equation (6) transforms into the following one
2g + n+m+ p+ r − 2 = 0 + p = p
2g + n+m+ r − 2 = 0
This equation shows that the genus g of the underlying surfae might be either 1 or 0. If g = 1 we
get n = m = r = 0 and hene the meromorphi quadrati dierential on a surfae of genus g = 1
does not have either zeros nor marked points. Hene it does not have simple poles neither, whih
implies that it is the square of an Abelian dierential.
Thus g = 0 and n+m+ r = 2. We onsider separately the following three ases:{
n+m = 0
r = 2
{
n+m = 1
r = 1
{
n+m = 2
r = 0
The rst two ases give us either the rst two maps from Denition 1 or the exeptional map
Q(−1,−1,−1,−1) → Q(−1,−1,−1,−1) from the list (2).
The third ase gives the mapping (when it is dened)
(11) Q(k1, k2,−1
k1+k2+4)→ Q(2k1 + 2, 2k2 + 2)
with ki ≥ 0.
A ramied double overing over CP
1
has even number of ramiation points. Sine in our ase
we have ramiation points over the two singularities of degrees k1 and k2 and over all simple poles,
this implies that the number k1 + k2 + 6 is even, and hene k1 and k2 has the same parity. When
both of them are odd, one an reognize in (11) the anonial ramied double overing desribed
in Constrution 1. Thus in this ase the resulting quadrati dierential is the global square of an
Abelian dierential, and this ase does not interest us.
When both k1, k2 ≥ 0 are even we obtain the map of the third type from Denition 1. This
ompletes the proof of Lemma 4. 
Theorem 1 now follows immediately from Lemmas 3 and 4.

4. Quadrati Differentials Versa Flat Strutures
In this setion we present a well-know relation between quadrati dierentials and at strutures
on Riemann surfaes. We use this relation to prove that the strata, that possess a hyperellipti
onneted omponent, are not onneted exept several partiular ases in low genera.
A at surfae with one type singularities is a surfae whih possesses loally the geometry of
a standard one. We an dene it by a at Riemannian metri with spei isolated singularities.
The standard one possesses a unique invariant: it is the angle at the vertex. Here we onsider only
half-translation at surfaes: parallel transport of a tangent vetor along any losed path either
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brings the vetor ~v bak to itself or brings it to the entrally-symmetri vetor −~v. This implies
that the one angle at any singularity of the metri is an integer multiple of π.
Let ψ be a meromorphi quadrati dierential on a Riemann surfae M2g . Then it is possible to
onstrut an atlas on M\{singularities} suh that ψ = dz2 in any oordinate hart. As dz2 = dw2
implies z = ±w + const, we see that the harts of the atlas are identied either by a translation
or by a translation omposed with a entral symmetry. Thus a meromorphi quadrati dierential
ψ indues a half-translation at struture on M\{singularities}. On a small hart whih ontains
a singularity, oordinate z an be hosen in suh way that ψ = zkdz2, where k is the order of
the singularity (k = 0 orresponds to a regular point, k = −1 orresponds to a pole and k > 0
orresponds to a true zero). It is easy to hek that in a neighborhood of a singularity of ψ, the
metri has a one type singularity with the one angle (k + 2)π.
A meromorphi quadrati dierential ψ also denes on M a pair of transversal foliations. Let
z be a anonial oordinate for ψ i.e. let loally outside of singularity ψ = (dz)2. The horizontal
(respetively vertial) foliation dened by ψ is the foliation y = onst (resp x = onst) loally where
z = x+ iy. The vertial (horizontal) foliation dened by ψ is oriented if and only if the quadrati
dierential ψ is the square of an Abelian dierential.
Similarly, an Abelian dierential denes a translation struture on the Riemann surfae: now the
holonomy representation of the orresponding at metri in the linear group is trivial. In partiular,
all one angles at the singularities are integer multiples of 2π.
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Figure 3. Consider the following identiations of the boundary of this polygon:
identify the orresponding pairs of segments with the numbers 1, 2 and 3 by trans-
lations; identify the orresponding pairs of segments with the numbers 4 and 5 by
entrally symmetries. We get a half-translation surfae. In this ase it has genus
g = 2 and the meromorphi dierential indued from the quadrati dierential (dz)2
in the plane has two zeros of order 2 on this surfae. The singularities are onial
point in the at metri with a one of angle 4π. Note that sine the horizontal
foliation is not oriented the orresponding quadrati dierential is not the square of
an Abelian dierential, though all one angles of the singularities in the at metri
are integer multiples of 2π.
Reiproally, a half-translation struture on a Riemann surfaeM and a hoie of a distinguished
vertial diretion denes a omplex struture and a meromorphi quadrati dierential ψ on M .
In many ases it is very onvenient to present a quadrati dierential with some spei properties
by an appropriate at surfae. Consider, for example, a polygon in the omplex plane C with the
following property of the boundary: the sides of the polygon are distributed into pairs, where the
sides in eah pair are parallel and have equal length. Identifying the orresponding sides of the
boundary by translations and entral symmetries we obtain a Riemann surfae with a natural half-
translation at struture. The quadrati dierential dz2 on C gives a quadrati dierential on this
surfae with puntures. The puntures orrespond to verties of the polygon; they produe the one
type singularities on the surfae. It is easy to see that the omplex struture, and the quadrati
dierential extends to these points, and that a singular point of the at metri with a one angle
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(k +2)π produes a singularity of order k (a pole if k = −1) of the quadrati dierential. (See also
Figure 3 whih illustrates this onstrution.)
Remark 9. The area of M with respet to the at metri dened by a meromorphi quadrati
dierential is nite if and only if ψ does not possess poles of order greater than 1. This explains
why we onsider quadrati dierential with simple poles only.
4.1. Non-onnetedness of the Strata. Now, we prove that strata with a hyperellipti onneted
omponent are not onneted in general. We present a partiular geometri property of surfaes,
that belong to a hyperellipti omponent, and then we onstrut appropriate at surfaes whih do
not verify this property.
Let us onsider a at surfae (M,ψ) in a hyperellipti omponent of the stratum Q(4k+2, 4(g−
k) − 6), where k ≥ 0, g ≥ 2, g − k ≥ 2. By denition, there exist a ramied double overing
π : M → CP1 suh that ψ = π∗ψ0 where ψ0 is a meromorphi quadrati dierential on CP
1
. We
onsider the anonial atlas onM suh that loally ψ = dz2 in a neighborhood of a regular point and
ψ = zkdz2 in a neighborhood of a singularity. In this atlas, the hyperellipti involution τ : M →M
is ane. Moreover, τ is an isometry of the at metri dened by ψ. The two zeros of ψ are xed
points of τ .
Suppose that there exist a geodesi saddle onnetion joining the two zeros  a geodesi segment
in the at metri dened by ψ having no singularities in its interior, and having the two zeros of ψ
as the endpoints. Then this saddle onnetion have an image by τ of the same length and it is also
a saddle onnetion.
So if there is a horizontal saddle onnetion (whih is a singular leaf of the horizontal foliation
joining the two singularities) then there exists another one of the same length going in the same
diretion.
In partiular, if a quadrati dierential ψ having two zeros of orders 4k+2 and 4(g−k)−6 denes
a horizontal foliation suh that all horizontal saddle onnetions between the two zeros have dierent
lengths, then (M,ψ) does not belong to the hyperellipti omponent of Q(4k + 2, 4(g − k) − 6).
Sine the hyperellipti omponent of this stratum is nonempty, it would imply that the stratum is
not onneted.
The similar argument an be applied to the strata Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1)
and Q(2(g − k)− 3, 2(g − k)− 3, 4k + 2).
We use this idea to onstrut appropriate at surfaes suh that the orresponding quadrati
dierentials do not belong to hyperellipti omponents. We use the following two Lemmas whih
are partiular ases of the orresponding Lemmas of Eskin, Masur and Zorih ([EsMaZo℄, [MaZo℄);
see also analogous Proposition 4.7(b) in the paper [HuMa℄ of Hubbard and Masur.
Lemma 5. Consider a surfae in Q(k1, . . . , kn). Choose l1, l2 ∈ {−1, 1, 2, 3, 4, . . . }, as follows
• if k1 is odd, l1 + l2 = k1, li any.
• if k1 is even, l1 + l2 = k1, li even.
For any ψ0 ∈ Q(k1, k2, . . . , kn) and for any suiently small ε > 0 (depending on ψ0) it is possible
to onstrut a deformation ψ ∈ Q(l1, l2, k2, . . . , kn) of ψ0 suh that the orresponding at metri has
a horizontal saddle onnetion of length ε joining the singularities P1 and P2 of orders l1 and l2.
The deformation an be hosen to be loal: the at metri does not hange outside of a small
neighborhood of the zero of multipliity k1.
Lemma 6. Consider a surfae in Q(k1, . . . , kn). Let k1 be odd and let k1 = l1 + l2 + l3, where
li ∈ {−1, 1, 2, 3, 4, . . . } are also odd. For any ψ0 ∈ Q(k1, k2, . . . , kn) and for any suiently small
ε > 0 (depending on ψ0) it is possible to onstrut a deformation ψ ∈ Q(l1, l2, l3, k2, . . . , kn) of ψ0
suh that the orresponding at metri has two horizontal saddle onnetion of length ε joining the
singularities P1, P2 and P2, P3 of orders l1, l2, l3 orrespondingly.
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The deformation an be hosen to be loal: the at metri does not hange outside of a small
neighborhood of the zero of multipliity k1.
Proof of Lemma 5. Let P0 ∈ M be the singularity of ψ0 of order k1. Consider a small metri disk
D with the enter in P0 and of radius R in M in the at metri on M dened by the quadrati
dierential ψ0. We hoose R to be small enough, so that D does not ontain other singularities of
ψ0.
In fat, D is glued from k1 + 2 Eulidean half-disks of radius R where the orresponding radii of
the half-disks are pairwise identied, see the left sides of Figures 4 and 5. Note that the pitures
are shemati: the angle of every setor is atually equal to π.
To make a loal deformation of the Eulidean metri inside D we reglue the radii borders of
Eulidean half-disks in a dierent way. Figure 4 illustrates how to break a zero of even degree k1
when even number k1 + 2 of half-disks are adjaent to the vertex into two zeros of even degrees l1
and l2. Now there are l1 +2 and l2 +2 half-disks adjaent to the orresponding verties. Note that
the angles of all setors are, atually, again equal to π. Figure 5 illustrates how to break a zero of
odd degree k1 into a zero of even degree l1 and a zero of odd degree l2.
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Figure 4. Breaking up a zero of order 4 into two zeros of orders 2. Note that the
surgery is loal: we do not hange the at metri outside of the neighborhood of the
zero.
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Figure 5. Breaking up a zero of order 3 into two zeros of orders 1 and 2 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spondingly. Note that the surgery is loal: we do not hange the at metri outside
of the neighborhood of the zero.

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Proof of Lemma 6. The proof of Lemma 6 is ompletely analogous to the proof of Lemma 5. It is
illustrated at gure 6. 
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Figure 6. Breaking up a zero of order 3 into three zeros of orders 1. Note that
the surgery is loal: we do not hange the at metri outside of the neighborhood of
the zero.
Theorem 2. The strata whih possess a hyperellipti omponent are non onneted exept for the
following ases orresponding respetively to genus 1 and 2{
Q(−1,−1, 2)
Q(−1,−1, 1, 1)
and


Q(2, 2)
Q(1, 1, 2)
Q(1, 1, 1, 1)
when the whole stratum oinides with its hyperellipti onneted omponent.
Proof of Theorem 2. We deompose the proof into three Lemmas. In the rst, we prove that the
strata of the list above are onneted. In the seond, we prove Theorem 2 for strata with 2 and 3
singularities. In the third we prove the Theorem for strata with fours singularities.
Lemma 7. The following strata are onneted
Q(−1,−1, 2),Q(−1,−1, 1, 1) in genus 1
Q(2, 2),Q(1, 1, 2),Q(1, 1, 1, 1) in genus 2
they oinide with the orresponding hyperellipti omponent.
Proof of Lemma 7. We use an idea drawn from the book of Farkas-Kra [FaKr℄. See also [La2℄ for
another proof, using the ombinatoris of generalized permutations.
We prove this Lemma for Q(2, 2). For the other strata, the demonstration is similar. First of
all, take a point [M,ψ] ∈ Q(2, 2). In genus 2, all urves are hyperellipti so we an suppose that a
representative of M is given by an algebrai urve
w2 =
6∏
i=1
(z − zi) (w, z) ∈ C
2
where zi 6= zj for i 6= j and zi ∈ C. There is a (ramied) double overing π : M → CP
1
dened
by π(w, z) = z. Let τ be the hyperellipti involution τ(w, z) = (−w, z). With these notations, we
an see that ω1 =
dz
w
and ω2 = z ·
dz
w
form a basis of holomorphi Abelian dierentials on M . It
easy to see that ω21, ω
2
2 and ω1 · ω2 are linearly independent in the spae of holomorphi quadrati
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dierentials whih has dimension 3g−3 = 3. So the family {ω21 , ω
2
2 , ω1 ·ω2} forms a basis in the spae
of holomorphi quadrati dierentials on M . By diret omputation, we an see that τ∗ωi = −ωi
and onsequently, any holomorphi quadrati dierential is invariant under τ .
Let (M,ψ) ∈ Q(2, 2) and let P1 and P2 be the two zeros of ψ. We have
0 = ψ(P1) = τ
∗ψ(P1) = ψ(τ(P1))
hene τ either xes the two zeros or interhanges them.
Suppose that the seond ase ours. Let z0 = π(P1) = π(P2). Sine by assumption τ(P1) 6= P2,
we see that z0 is a nonritial value of the overing, and hene z0 6= zi for any i = 1, . . . , 6. We
an onstrut a quadrati dierential ψ0 on CP
1
with six simple poles at the images zi ∈ CP
1
of
the ramiations points, and a zero of order 2 at z0. Then the overing π : M → CP
1
is exatly
the overing of Constrution 1 so π∗ψ0 = ω
2
possesses two zeros of order two at the same points as
the two zeros of ψ. Hene ψ = const · ω2 whih ontradits the assumption that ψ is not a global
square of an Abelian dierential.
Thus the two zeros P1 and P2 are the xed points of the hyperellipti involution. Let z0 =
π(P1), z
′
0 = π(P2). We an onstrut a quadrati dierential ψ0 on CP
1
with four poles at the
images of ramiations points, and with two fake zeros at z0 and z
′
0 orrespondingly. As above,
ψ = const · π∗ψ0. But by onstrution π
∗ψ0 belongs to the hyperellipti onneted omponent (see
onstrution 2). Thus p ∈ Qhyp(2, 2) and hene Q(2, 2) = Qhyp(2, 2) is onneted.
This ompletes the proof of Lemma 7 in the ase of the stratum Q(2, 2). The proof for other
ases is ompletely analogous. 
Now we prove Theorem 2 for the general strata with 2 and 3 singularities.
Lemma 8. The strata
Q(4(g − k)− 6, 4k + 2) with k ≥ 0, g ≥ 3 and g − k ≥ 2
and
Q(2(g − k)− 3, 2(g − k)− 3, 4k + 2)
with g ≥ 3, k ≥ 0, g − k ≥ 1 or g = 2 and k = 1
are non-onneted.
Proof of Lemma 8. By the Theorem of Masur and Smillie [MaSm℄ (see also the statement of the
theorem at the beginning of setion 2) the stratum Q(4g − 4) is non-empty when genus g ≥ 3.
Consider a at surfae orresponding to some [M,ψ0] ∈ Q(4g−4) suh that the horizontal measured
foliation is uniquely ergodi, in partiular minimal. (The generiity of this property is proved in [Ma℄
and in [Ve1℄.) Consider a small disk around the zero of the quadrati dierential. Applying Lemma
above, we an break the zero of order 4g − 4 into two zeros of orders 4(g − k) − 6 and 4k + 2
orrespondingly with a very short horizontal saddle onnetion γ joining them. By onstrution
there are no other short horizontal saddle onnetions. So the quadrati dierential ψ ∈ Q(4(g −
k)− 6, 4k + 2) thus onstruted does not belong to hyperellipti onneted omponent of Q(4(g −
k)− 6, 4k + 2) (see the beginning of this setion). This proves the rst statement.
Consider now the stratum Q(2(g − k)− 3, 2(g + k)− 1) with k ≥ 0, g − k ≥ 1. By the Theorem
of Masur and Smillie [MaSm℄ this stratum is non-empty if g ≥ 3 or if g = 2 and k = 1.
Take a at surfae orresponding to a quadrati dierential from this stratum suh that the
orresponding horizontal foliation is minimal (see above). Then if we break the zero of order
2(g + k) − 1 into two zeros of orders 2(g − k) − 3 and 4k + 2 joined by a very short horizontal
saddle onnetion we get a surfae whih belongs to the non-hyperellipti omponent of the stratum
Q(2(g − k)− 3, 2(g − k)− 3, 4k + 2).
The only strata to whih we annot apply this method are the stratum with two poles and a
simple zero Q(−1,−1, 2) in genus 1 and the stratum with two simples zeros and a double zero
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Q(1, 1, 2) in genus 2. In these two ases the initial (non-perturbed) quadrati dierentials would
belong to Q(−1, 1) and Q(1, 3) whih are empty.
Lemma 8 is proved. 
Let us prove proposition for strata with four singularities.
Lemma 9. The strata
Q(2(g − k)− 3, 2(g − k)− 3, 2k + 1, 2k + 1)
with g ≥ 3, k ≥ −1, g − k ≥ 2 or g = 2 and k = −1
are non-onneted.
Proof of Lemma 9. Consider the stratum Q(2(g−k)−3, 2(g+k)−1) with g ≥ 3, k ≥ −1, g−k ≥ 2.
By the Theorem of Masur and Smillie [MaSm℄ this stratum is non-empty.
Take a at surfae orresponding to a quadrati dierential from this stratum suh that the
orresponding horizontal foliation is minimal (see above). By Lemma 6 we an break the zero of
order 2(g+ k)− 1 into three zeros of orders 2(g− k)− 3, 2k+1, 2k+1, joined onseutively by very
short horizontal saddle onnetions. We use a loal perturbation of the at metri, whih not rather
reate a short horizontal saddle onnetion going to the unperturbed zero of order 2(g− k)− 3. We
get a at surfae orresponding to a quadrati dierential from the stratum Q(2(g − k) − 3, 2(g −
k)− 3, 2k + 1, 2k + 1).
The hyperellipti involution interhanges the orresponding zeros of any ψ′ ∈ Qhyp(2(g − k) −
3, 2(g − k) − 3, 2k + 1, 2k + 1). By onstrution the quadrati dierential onstruted above is
asymmetri, and hene it belongs to the non-hyperellipti omponent of the stratum Q(2(g − k)−
3, 2(g − k)− 3, 4k + 2). Lemma 9 is proved. 
Now, Theorem 2 follows from Lemmas 8 and 9. 
5. Announement of the Classifiation Theorem
In [KoZo℄ Kontsevih and Zorih have shown that the onneted omponents of the moduli spaes
of Abelian dierentials are lassied exatly by two invariants: the hyperelliptiity and the parity
of the spin struture.
The story for the moduli spae of quadrati dierential is more ompliated. For example, the
strata Q(12) and Q(−1, 9) do not have any hyperellipti omponents. In addition, in paper [La1℄,
we show that all quadrati dierentials in a xed strata must have the same parity of the spin
struture. In the previous ase, the spin struture is 0 for any quadrati dierential in eah of
these two strata. However, it was proved by A. Zorih by a diret omputation of the orresponding
extended Rauzy lasses that eah of these two strata has exatly two distint onneted omponents.
In [La2℄ we give the following general desription of all onneted omponents of any stratum of
the moduli spaes Q(k1, . . . , kn):
Theorem 3. Let us x g ≥ 5. Then all strata of the moduli spae Qg listed in Theorem 2 have
exatly two onneted omponents: one is hyperellipti  the other not.
All other strata of the moduli spae of meromorphi quadrati dierentials Qg are non-empty and
onneted.
And for small genera we have:
Theorem 4. Let us x g ≤ 4. The omponents of the strata of the moduli spae Qg fall in the
following desription
• In genera 0 and 1, any stratum is onneted.
• In genus 2 there are two hyperellipti non-onneted strata. All other strata of Q2 are
onneted.
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• In genera 3 and 4, any hyperellipti stratum possesses two onneted omponents: one is
hyperellipti  the other not. All other strata, with 4 exeptional ases, are onneted.
• The 4 above partiular ases are
Qg=3(−1, 9), Qg=3(−1, 3, 6), Qg=3(−1, 3, 3, 3), Qg=4(12)
and these strata have two onneted omponents.
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